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$f+I=g+I$ $\mathrm{A}\mathrm{a}_{\text{ }}$ $I$
$I=\langle x^{2}, y\rangle$
$k[x, .y]/I$
$ax+b+I$ $(a, b\in k)$






path algebra Gr\"obner \emptyset
(Anick-Green ) Hfl
$\text{ }$









$\alpha=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{n})$ $x^{\alpha}=x_{1}^{\alpha_{1}}x_{2}^{\alpha_{2}}\cdots x_{n}^{\alpha_{n}}$
2.1. $\mathrm{T}$ $<$
(1) $1<\theta$ for aU $1\neq x^{\beta}\in$
.
T.
(2) If $x^{\alpha}<x^{\beta}$ , then $x^{\alpha}x^{\gamma}<\theta x^{\gamma}$ for all $x^{\gamma}\in \mathrm{T}$.
$x^{\alpha}|x^{\beta}$ $x^{\gamma}\in \mathrm{T}$ $x^{\beta}=x^{\alpha}x^{\gamma}$
2.2. $x^{\alpha}|x^{\beta}$ $”<$” $x^{\alpha}\leq x^{\beta}$
23.
Proof. $x^{\alpha_{1}}>x^{\alpha_{2}}>\cdots$ $\langle x^{\alpha_{1}}\rangle\subsetarrow\langle x^{\alpha_{1}}, x^{\alpha_{2}}\rangle\subseteq\cdots$ $k[x]$
Noether
$\{\alpha=(\alpha_{1}, \cdots, \alpha_{n})|\alpha:\in \mathrm{N}\}$
ae T
2.4 ( ). $\alpha=(\alpha_{1}, \cdots, \alpha_{n})<\sqrt$. $=(\beta_{1}, \cdots,\beta_{n})$ $N$
$\alpha:--\beta.\cdot$ for $i<N,$ $\alpha_{N}<\beta_{N}$
2.5 ( ). $\alpha<\beta$ $\sum_{=1}^{n}\dot{.}\alpha_{i}<\sum_{=1}^{n}\dot{.}\sqrt\dot{.}$ $\sum_{i=1}^{n}\alpha:=$
$\sum_{=1}^{n}\dot{.}\beta\dot{.}$ $\alpha<\beta$
26( ). $\alpha<\beta$ $\sum_{i=1}^{n}\alpha_{i}<\sum_{i=1}^{n}\beta_{i}$ $\sum_{i=1}^{n}$ $=$
$.\dot{\text{ }^{}-1}n-$











2.7 (Gr\"obner ). $I$ $k[x]$ $I$
$\bigwedge_{\Pi}$
$G$ $I$ Gr\"obner $f\in I$ $g\in G$ \leq
$1\mathrm{p}(g)|1\mathrm{p}(f)$




$f,$ $g\in k[x]$ [ $f$ $ax^{\alpha}$ $1\mathrm{t}(g)$
$r=f- \frac{ax^{\alpha}}{1\mathrm{t}(g)}g$
$f$ $ax^{\alpha}$
$farrow_{g}r$ $f$ $g$ { $\mathrm{A}\mathrm{a}$
$k[x]\ni f,$ $g_{1},$ $\cdots,$ $g_{s}$
(1) $1\mathrm{t}(f)$ $1\mathrm{t}(g_{i})$ $farrow_{g}\dot{.}f’$ $f’$
$f$






$f$ $\{g_{1}, \ovalbox{\tt\small REJECT}\cdot\rangle g_{\mathrm{s}}\}$
$G$ $I$ $\mathrm{G}\mathrm{r}\ovalbox{\tt\small REJECT} \mathrm{b}\mathrm{n}\mathrm{e}\mathrm{r}$
$\mathrm{L}\mathrm{P}(I)\ovalbox{\tt\small REJECT}\{1\mathrm{p}(f)|farrow I\}$
nonLP(I)=T-LP(I)




29. $I$ Gr\"obner $G$ minimal Gr\"obner
$G$ Gr\"obner nimal
Gr\"obner $G$ reduced Gr\"obner $g\in G$
$t\in G-\{g\}$ $1\mathrm{p}(g’)$ $1\mathrm{c}(g)=1$
$g\in G$




$\alpha=(\alpha_{1}, \cdots, \alpha_{n}),$ $\beta=(\beta_{1}, \cdots, \beta_{n})$
$\mathrm{l}\mathrm{c}\mathrm{m}(\alpha$ ,\beta$)$ =(m\epsilon \sim ) (\mbox{\boldmath $\alpha$}b $\beta_{1}$ ), $\cdots$ , m\epsilon \sim )((\mbox{\boldmath $\alpha$} ’\beta ))
$1\mathrm{c}\mathrm{m}(x^{\alpha}, x^{\beta})=x^{1\mathrm{m}(\alpha\beta)}$
$f,$ $g\in k[x]$ [ $L=1\mathrm{c}\mathrm{m}(1\mathrm{p}(f), 1\mathrm{p}(g))$
$S(f,g)= \frac{L}{1\mathrm{t}(f)}f-\frac{L}{1\mathrm{t}(g)}g$
$f$ $g$ S-
2.11 (Buchberger ). $G=\{g_{1}, \cdots, g_{r}\},$ $I=\langle G\rangle$
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(1) $S(g_{\ovalbox{\tt\small REJECT}}, \ovalbox{\tt\small REJECT})$ $G$ $r$ (
) $r\neq 0$ $G\mathrm{U}\{r\}$ $G$
(2) $S$- 0
$G$ $I$ Gr\"obner




$\langle 1\mathrm{p}(g_{1}), 1\mathrm{p}(g_{2})\rangle\subseteq\cdots$ $k[x]$ Noether [
Buchberger Gr\"obner
$1\mathrm{p}(g)$ $1\mathrm{p}(g’)$ minimal Gr\"obner
$g\in G$ $G-\{g\}$ 1
reduced Gr\"obner
2.4
$k[x, y]\supset I=\langle x^{2}, x^{3}+y\rangle$ Gr\"obner
$S(x^{2}, x^{3}+y)=x^{3}-(x^{3}+y)=-y$








path mlgebra Gr\"obner [3]
$\Gamma$ finite quiver $\Gamma$ vertex
arrow multiple arrow (
arrow) loop ( arrow)
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$\Gamma:a\mathrm{C}\bullet^{u_{\vec{\mathrm{C}}}^{arrow}}\bullet^{v}b$
arrow path path [
vertex 0 path arrow 1 path
path $B$ $B\cup\{0\}$ path
(path $a$ path $b$
$ab=0$ ) $B$ $k$
$k$-mlgerba . $\Gamma$ $k$ path algebra
$k\Gamma$
path mlgebra Gr\"obner path al-
gebra Noether
3.1. path algebra $k\Gamma$ path
$k\Gamma$ $J$ $k\Gamma$ $J\mathrm{s}$
$I$ admissible $N$ $J^{2}\supseteq I\supseteq J^{N}$
[ $I$ $k\Gamma$ admissible ideal $\mathrm{A}=k\Gamma/I$ $J^{2}\supseteq I$
$\Lambda$ $\mathrm{E}\mathrm{x}\mathrm{t}$ . quiver $\Gamma$ $I\supseteq J^{N}$ A
$B$
32. $B$ $”\leq$” a .ssible ordering
(1) $a,$ $b,$ $u,v\in B,$ $a=ubv$ $a\leq b$
(2) $a,$ $b,$ $u,v\in B,$ $a\leq b$ $uav\leq ubv$ ( $uav\neq 0,$ $ubv\neq 0$
)
3.3 (Length-lexicographic ordering). vertex arrow
$B$ mlmissible
ordering length-lexicographic ordering
arrow graded ordering mlmissible
$\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{g}arrow\sim$
[ $B$ [ admissible ordering
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$f\in k\Gamma$ tip(f) $f$ $\not\in$)
$S\subset k\Gamma$ [ tips(S) $=$ {tip(f) $|f\in S$ } $I$ (
nonTips $(I)=B$ -tips(I)
3.4. $\Lambda=k\Gamma/I$ $\{f+I|f\in \mathrm{n}\mathrm{o}\mathrm{n}\mathrm{T}\mathrm{i}\mathrm{p}\mathrm{s}(I)\}$ }
3.5. $a,$ $b\in B$ $a$ $b$ $u,$ $v\in B$
$b=uav$ $a|b$
36. $f\in k\Gamma$ uniform vertices $u,$ $v$
$f=ufv$ $f$ $u$ $v$ pa.th
$f$ $J\triangleright I$
$f=1 \cdot f\cdot 1=(_{u:}\sum_{\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{e}\mathrm{x}}u)f(_{u:}\sum_{\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{e}\mathrm{x}}v)=\sum_{u,v:\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{e}\mathrm{x}}ufv$
uniform $l_{-}’$. $ufv\in I$
tlniform
37(Gr\"obner ). $I$ un\‘iform $\mathrm{m}\mathrm{o}\dot{\mathrm{n}}$ic
$G$ $I$ Gr\"obner $f\in I$
$g\in G$ tip(g) $|$ tip(f)
Gr\"obner admissible ideal
38. $G$ $I$ Gr\"obner $I=\langle G\rangle$
39(Overlap difference). $f,$ $g$ $I$ uniform, monic
$x,$ $y,$ $z\in B$ tip(f)=xy, tip(g) $=yz$ $\#\mathrm{e}$
$S_{y}(f, g)=fz-xg$
$f$ $g$ $y$ [ overlap difference
3.10(Minimal Gr\"obner ). $I$ uniform monic
$G$ $G$ $I$ minimal Gr\"obner
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(1) $I=\langle G\rangle$
(2) $f,$ $g\in G,$ tip(f) $|$ tip(g) $f=g$
(3) $f,$ $g\in I$ verlap difference $G$ 0
3.11. .mal Gr\"obner Gr\"obner
path algebra Buchberger
3.12. $G$ $I$ ninimal Gr\"obner $g\in G$ $G-\{g\}$
$\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{p}\mathrm{s}(I)$ (reduoed Gr\"obner
)minSharps(I)
ninTips(I)= {tip(f) $|f\in \mathrm{m}\mathrm{i}\mathrm{n}\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{p}\mathrm{s}(I)$}
4 Anick-Green
Gr\"obner
mlgebra $\mathrm{A}=k\Gamma/I$ ($I$ mlmissible ideal)
4.1 Anick-Green
$\gamma\in B$ o(\gamma ) $\tau(\gamma)$
4.1 (Overlap sets). $\Gamma_{0}$ vertex $\Gamma_{1}-$. arrow
$\Gamma_{n}\subset B$ $\gamma\in\Gamma_{n}$
(1) $\gamma_{1}\in\Gamma_{n-1}$ $\gamma_{2}\in \mathrm{n}\mathrm{o}\mathrm{n}\mathrm{T}\mathrm{i}\mathrm{p}\mathrm{s}(I)$ , Length $(\gamma_{2})>0$ $\gamma=\gamma_{1}\gamma_{2}$
(2) $\gamma=\gamma_{1}\gamma_{2},$ $\gamma_{1}\in\Gamma_{n-1}$ , \gamma 1=\beta 1[ , $\beta_{1}\in\Gamma_{n-2}$ $\beta_{2}\gamma_{2}\in \mathrm{t}\mathrm{i}\mathrm{p}\mathrm{s}(\mathrm{I})$
(3) $\gamma$ left proper factor (1), (2)
$\Gamma_{n}$ overlap set
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vertex $v$ $v\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT}$- $v\ovalbox{\tt\small REJECT}$
$\ovalbox{\tt\small REJECT}$- $k_{v}$ vertex simple module $\oplus_{vcEr_{0}^{\ovalbox{\tt\small REJECT}}}k\ovalbox{\tt\small REJECT}$
Anick-Green
. . . $arrow\oplus_{\gamma\in\Gamma_{n}}\tau(\gamma)\Lambdaarrow\oplus_{\gamma\in\Gamma_{n-1}}d_{n}\tau(\gamma)\Lambda-\cdots$
$-\oplus_{a\in\Gamma_{1}}\tau(a)\Lambda\oplus_{v\in\Gamma_{0}}v\Lambda\underline{\epsilon}\oplus_{v\in\Gamma_{0}}\underline{d_{1}}k_{v}arrow 0$
1 { $\epsilon$ $d_{n}$ Anick-Green
$\epsilon$ Length(a) $>0$ [ $\epsilon(va)=0$
$d_{1}$
$d_{1}(\tau(a)\lambda)=o(a)a\lambda$
$s_{0}$ : ${\rm Im}(d_{1})arrow\oplus_{a\in\Gamma_{1}}\tau(a)\Lambda$ [ $x\in{\rm Im}(d_{1})$
$x=ay,$ $a\in\Gamma_{1},$ $y\in \mathrm{n}\mathrm{o}\mathrm{n}\mathrm{T}\mathrm{i}\mathrm{p}\mathrm{s}(I)$ [
$s_{0}(x)=\tau(a)y$
$d_{1}s_{0}=\mathrm{i}\mathrm{d}_{{\rm Im}(d_{1})}$




$s_{1}$ : $\mathrm{k}\mathrm{e}\mathrm{r}(d_{1})arrow\oplus_{\gamma\in\Gamma_{2}}\tau(\gamma)\Lambda$ $\oplus_{\gamma\in\Gamma_{n}}\tau(\gamma)\Lambda$
$\oplus_{\gamma\in\Gamma_{n}}\tau(\gamma)\Lambda$
$B_{n}=\{\tau(\gamma)\lambda|\gamma\in\Gamma_{n}, \lambda\in \mathrm{n}\mathrm{o}\mathrm{n}\mathrm{T}\mathrm{i}\mathrm{p}\mathrm{s}(I), \tau(\gamma)\lambda\neq 0\}$
$B_{n}arrow B$ $\tau(\gamma)\lambda\mapsto\gamma\lambda$
$B$ $B_{n}$ $\oplus_{\gamma\in\Gamma_{n}}\tau(\gamma)\Lambda$ $\phi$
tip(\phi ) $s_{1}$ $\phi\in \mathrm{k}\mathrm{e}\mathrm{r}(d_{1})$
(1) $\phi=0$ $s_{1}(\phi)=0$
99
(2) tip(\phi ) $=\tau(a)y,$ $a\in\Gamma_{1},$ $y\in \mathrm{n}\mathrm{o}\mathrm{n}\mathrm{T}\mathrm{i}\mathrm{p}\mathrm{s}(I)$ [ $c$ $\phi$ {




$d_{n},$ $s_{n}$ $n\geq 3$ $\gamma\in\Gamma_{n}$
$\gamma=\gamma_{1}\gamma_{2},$ $\gamma_{1}\in\Gamma_{n-1},$ $\gamma_{2}\in \mathrm{n}\mathrm{o}\mathrm{n}\mathrm{T}\mathrm{i}\mathrm{p}\mathrm{s}(I)$ $\mathrm{V}$ ‘
(l (\gamma ) $=\tau(\gamma_{1})\gamma_{2}-s_{n-2}d_{n-1}(\tau(\gamma_{1})\gamma_{2})$
$s_{n-1}$ : $\mathrm{k}\mathrm{e}\mathrm{r}(d_{n-1})arrow\oplus_{\gamma\in\Gamma_{n}}\tau(\gamma)\Lambda$ $\phi\in \mathrm{k}\mathrm{e}\mathrm{r}(d_{n-1})$
(1) $\phi=0$ $s_{1}(\phi)=0$
(2) tip(\phi ) $=\tau(\gamma_{1})y,$ $\gamma_{1}\in\Gamma_{n-1},$ $y\in \mathrm{n}\mathrm{o}\mathrm{n}\mathrm{T}\mathrm{i}\mathrm{p}\mathrm{s}(I)$ $c$ $\phi$





4.2 Vertex simple module
$\oplus_{v\in\Gamma_{0}}k_{v}$ - vertex simple module
$\Gamma_{n}^{w}=\{\gamma\in\Gamma_{n}|o(\gamma)=v\}$
$P_{n}^{v}=\oplus\tau(\gamma)\Lambda\gamma\in\Gamma_{n}^{v}$





$\oplus_{j\in J}v_{j}\Lambda^{F}arrow\oplus_{i\in \mathrm{I}}v_{i}\Lambda^{\Phi}arrow Marrow 0$
mlgebra $\Lambda^{*}$
$\Lambda^{*}=\{(\begin{array}{ll}\lambda m0 f\end{array})|\lambda\in k,$ $m\in M,$ $f\in\Lambda\}$
$\Lambda$ \Lambda $\grave{\grave{\backslash }}$
$\Lambda^{*}$- $\Lambda$- $v^{*}=(\begin{array}{ll}1 00 0\end{array})$
$v^{*}$ $\Lambda^{*}$ primitive idempotent $k_{v}*$ 1
. $\Lambda$- $\Omega(k_{v}*)\cong M$ \leq ( $\Omega$ t Heller operator)
Quiver $\Gamma$ ! vertex $v^{*}$ $i\in \mathrm{I}$ [ arrow $a_{i}^{*}:$ $v^{*}arrow v_{i}$ #




$F(v_{j})= \sum_{i}v_{i}f_{ij}v_{j}$ , $f_{ij}=v_{i}f_{ij}v_{j}$
\Lambda *\cong k\Gamma */I*’’
$k\Gamma^{*}$
$\Gamma^{*}$ path $v$ ,










. . . $arrow P_{n}^{v^{*}}$ I -*l\rightarrow . . . $arrow P_{10^{v^{*\xi}}}^{v^{*d_{1}}}arrow Parrow k_{v^{*}}arrow 0$
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. . . \rightarrow \rightarrow $1arrow\cdotsarrow P_{2}^{v^{*d_{2}}}arrow\oplus_{:\in \mathrm{I}}v:\Lambda^{\Phi}arrow Marrow 0$
$M$ $P_{n}^{v}$
.
$v\Lambda^{*}\cong v\Lambda$ ($v$ $\Gamma$ vertex) $\text{ }$
4.4
$P_{2}arrow P_{1}arrow Marrow 0$
4.3.
$\oplus_{j\in J}v_{j}\Lambda^{F}arrow\oplus_{:\in \mathrm{I}}v:\Lambda^{\Phi}arrow Marrow 0$
$F$ $(f_{j}\dot{.})$
$F(v_{j})= \sum_{:}v_{i}f_{j}.\cdot\ovalbox{\tt\small REJECT}$
${\rm Im}(F)$ $\mathrm{R}\mathrm{a}\mathrm{d}(\oplus_{:\in \mathrm{I}}v.\cdot\Lambda)$
$i_{0}\in \mathrm{I},$ $j_{0}\in J,$ $g\in \mathrm{A}$ $v_{j_{0}}=v_{\dot{\infty}}$ ,




$\oplus_{j\in J’}v_{j}\Lambda$ $f\text{ }\oplus_{:\in \mathrm{I}^{\prime v}}:^{\Lambda^{\Phi}arrow M}arrow 0$
4.5
$Q_{3}$ [3, \S 3.7]
102
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